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SUMMARY
A theoretical account is given of the microscopic basis of the rate- and state-dependent friction
(RSF) law. The RSF law describes rock friction quantitatively and therefore it is commonly used
to model earthquakes and the related phenomena. But the RSF law is rather empirical and the
theoretical basis has not been very clear. Here we derive the RSF law starting from constitutive
laws for asperities, and give the atomistic expressions for the empirical RSF parameters. In
particular, we show that both the length constant and the state variable are given as the 0th
weighted power means of the corresponding microscopic quantities: a linear dimension and the
contact duration of each asperity. As a result, evolution laws for the state variable can be derived
systematically. We demonstrate that the aging and the slip laws can be derived and clarify the
approximations behind these two major evolution laws. Additionally, the scaling properties of
the length constant are clarified for fractal distribution of asperities.
Key words: Friction, Fault zone rheology, Rheology and friction of fault zones, Creep and
deformation
1 INTRODUCTION
1.1 Rate- and State-Dependent Friction Law
Rock friction may be regarded as an elementary ingredient of
the crustal deformation processes including earthquakes and there-
fore it has been extensively investigated mainly by means of lab-
oratory experiment. The essential progress has been brought by
(Dieterich, 1979), who clarified the nature of frictional force for
both steady states and transient states and formulated an empirical
friction law. (Ruina, 1983) modified the original form to its present
form, which is now referred to as the rate- and state-dependent fric-
tion (RSF) law.
In the framework of the RSF law, the friction coefficient de-
pends on the slip velocity and some time-dependent variables that
describe the physical state of the rubbing surfaces. These time-
dependent variables are referred to as the state variables. In the
simplest case, the friction coefficient µ is described as a function of
the slip velocity V and a single state variable θ.
µ(V, θ) = µ∗ + a log
V
V∗
+ b log
θ
θ∗
, (1)
where µ∗ is the steady-state friction coefficient at a reference slip
velocity V∗; θ∗ the steady-state state variable at V∗; and a and b
positive nondimensional constants. In typical experiments, a and
b are on the order of 0.01 (Ruina, 1983; Tullis & Weeks, 1986;
Linker & Dieterich, 1992).
On the right hand side of Eq. (1), the second term describes
the velocity dependence of friction, and the third term describes
the state-variable dependence. The state variable θ are responsible
for all the ingredients that affect friction other than the slip velocity
V . For instance, the time-dependent behaviour of friction must be
described through the state variable, and therefore a time evolution
law for the state variable is needed in addition to Eq. (1). Among
many empirical evolution laws that have been proposed so far, the
following two equations are most commonly used (Ruina, 1983).
θ˙ = 1− V
L
θ, (2)
θ˙ =
V θ
L
log
L
V θ
, (3)
where L is the length constant. These equations are referred to
as the aging law and the slip law, respectively. Although there
have been many attempts to settle the most suitable evolution
law (Beeler et al.,1994; Perrin et al., 1995; Kato & Tullis, 2001),
no decisive conclusions have been made (Marone, 1998). One
should also pay attention to a recent attempt to devise a novel evo-
lution law (Nagata et al., 2012).
Irrespective of the choice of evolution law, the steady-state
state variable at slip velocity of V is given as L/V , and therefore
the steady-state friction coefficient is given by
µ(V, θss) ≡ µss(V ) = µ∗ + (a− b) log V
V∗
. (4)
The coefficient for the logarithmic dependence, a − b, may be
either positive or negative depending on the experimental con-
ditions and the rock species (Stesky et al., 1974; Marone, 1990;
Blanpied et al., 1991; Reinen et al., 1994; Blanpied et al., 1998).
Particularly, the sign of a − b is closely related to the stability of
steady-sliding state (Ruina, 1983; Rice & Ruina, 1983) and there-
fore plays a vital role in the literature of earthquake dynamics.
On the other hand, many experiments indicate that the
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RSF law is not valid if the slip velocity is sufficiently
high (V ≥ 1 mm/s) under high normal stress (≥ 1
MPa) (Tsutsumi & Shimamoto, 1997; di Toro et al., 2011;
Han et al., 2011). Therefore, application of the RSF law
in its present form should be limited to quasistatic-to-
intermediate slip velocities. Nevertheless, the RSF law is
still important in describing various phenomena in which
the slip is quasistatic: the nucleation process of earthquake
(Dieterich, 1992; Dieterich, 1994; Ampuero & Rubin, 2008), after-
slip (Marone et al., 1991), and slow slip events (Liu & Rice, 2009;
Rubin, 2008; Hawthorne & Rubin, 2013).
Interestingly, Eq. (1) together with an appropriate evolution
law describes the behavior of friction coefficient not only for rocks
but also for paper (Heslot et al., 1994), steel (Popov et al., 2012),
wood, glass, and acrylic plastic (Dieterich & Kilgore, 1994). In this
sense, the framework of the RSF law is universal and therefore may
be important to much wider literatures. Actually, the logarithmic
dependences in Eq. (1) can be derived without any prior knowledge
on the underlying physical processes (Hatano, 2015).
1.2 Physical meaning of parameters
The RSF and evolution laws, Eqs. (1), (2), and (3), involve three im-
portant parameters: a, b, and L. The values of a and b (especially
the sign of a − b) determine the stability of steady-sliding states
(Ruina, 1983; Rice & Ruina, 1983). The length constant L may be
regarded as the characteristic slip length, over which the friction
force relaxes to the steady-state value. Typical estimate of L in lab-
oratory experiments is on the order of micrometers (Ruina, 1983;
Tullis & Weeks, 1986; Linker & Dieterich, 1992). In the literature
of earthquake generation, the length constant may scale the size
of critical nucleation size of rupture, above which the crack growth
becomes unstable (Dieterich, 1992). Therefore, if one wishes to un-
derstand the earthquake dynamics based on the RSF law, determi-
nation of the parameter values is crucial.
The nondimensional parameters, a and b, are rela-
tively well understood from the atomistic point of view.
For instance, by assuming a thermal activation pro-
cess for sliding, one can easily obtain a = kBT/PΩ
(Chester, 1994; Heslot et al., 1994; Baumberger, 1997;
Baumberger & Berthoud, 1999; Rice et al., 2001), where kB
is the Boltzmann constant, T the temperature, P the normal
stress on the real contact area, and Ω the activation volume. This
expression seems to be verified experimentally (Nakatani, 2001).
In a similar manner, an atomistic expression for b is obtained by
(Bar-Sinai et al., 2014).
On the other hand, the length constant L is rather poorly un-
derstood. It is typically on the order of 1µm in the laboratory-
scale. But the parameter estimated by geodetic inversion assum-
ing the RSF law for plate boundaries is on the order of milimeters
(Fukuda et al., 2009) to centimeters (Kano et al., 2015). There is a
discrepancy of more than three orders of magnitude between labo-
ratory and observation. This may indicate the scale-dependence of
the RSF law, but we do not have any clear explanation on this wide
discrepancy. Because the RSF law is an empirical law obtained by
laboratory experiments only and lacks a theoretical derivation, one
cannot deduce a parameter value of L beyond the laboratory scale.
The contact between two macroscopic surfaces is accommo-
dated by a set of microscopic junctions (Bowden & Tabor, 2001),
an average dimension of which is typically ∼ 1 µm
(Dieterich & Kilgore, 1996). Throughout this paper, we refer to
such junctions as asperities. The conventional interpretation of
the length constant L is a ”typical” dimension of the asperities
(Yoshioka & Iwasa, 1996). However, the definition of ”typical” is
not clear if the size of asperity is distributed over a wide range.
Actually, the size distribution of asperity is a power law for rough
brittle surfaces (Dieterich & Kilgore, 1996).
Let us assume that the asperity size distribution ρ(l) is pro-
portional to l−α with the lower and the upper cutoffs being Lmin
and Lmax, respectively. These cutoff length constants may be can-
didates of the typical length, but one cannot choose one and dis-
card the other with legitimate reasoning because there has not been
a mathematical expression for the typical length. For instance, if
we were to adopt the arithmetic average as the typical length, L
would be proportional to Lmin for α > 2. Actually, a direct obser-
vation of asperities revealed that the exponent α can be larger than
2 (Dieterich & Kilgore, 1996). In this case L would be the smaller
length scale Lmin irrespective of the upper cutoff Lmax. Because
Lmin may be determined by the local wear process on the frictional
surface rather than global faulting dynamics, we could expect that
Lmin is a microscopic length scale that is independent of the sys-
tem size. Therefore, if L is defined by the arithmetic average, L
would remain a microscopic length scale and there would not be
scale-dependence. To resolve this paradoxical situation, we need a
clear mathematical expression for L.
1.3 Aim of This Paper
To clarify the mathematical definition of L and to resolve the scale-
dependent nature, one must derive the RSF law theoretically and
establish the connection between the empirical friction law and the
microscopic physical processes. In doing so, one can clarify the
physical origin and the scaling properties of the parameters and
provide them with the theoretical basis.
In section 2, the atomistic nature of a single asperity is dis-
cussed and the constitutive laws are proposed. Based on these dis-
cussions, in section 3, the RSF law is derived and the microscopic
expressions for the empirical parameters are given. Importantly, the
microscopic expression for the state variable is also clarified. In
section 4, the quantitative details and the statistical nature of the
parameters are discussed. In particular, quantitative constraints on
some parameters are given under the condition that the RSF law
is valid. In section 5, the scaling properties of the length constant
L are discussed. In section 6, evolution laws are derived system-
atically based on the microscopic expression for the state variable.
Here we limit ourselves to two major laws: the aging and the slip
laws. Through the derivation, one can understand the nature of ap-
proximations behind each evolution law. In section 7, we formulate
an alternative form of friction law. In contrast to the conventional
RSF law, the formulation given here does not refer to any refer-
ence state and therefore we can determine the absolute value of the
friction coefficient in terms of the material constants. Section 8 is
devoted to concluding remarks.
2 ATOMISTIC PROCESSES AND CONSTITUTIVE LAWS
AT ASPERITY
Throughout this paper, we adopt the natural logarithm for math-
emetical convenience. Then, a and b here must be multiplied by
log 10 to be comparable with those for the common logarithm,
which is widely used in the literature. The length constant L does
not depend on the base of the logarithm.
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2.1 General remarks
An essential microscopic ingredient of friction is asperity,
which is a nominal junction of protrusions of the surfaces
(Bowden & Tabor, 2001; Rabinowicz, 1965). Throughout this pa-
per, we write the area of and the shear stress at asperity i as Ai and
σi, respectively. Then the macroscopic friction force F , which is
just the sum of traction on the asperities, may be written as
F =
∑
i∈S
σiAi, (5)
where S denotes a set of asperities for given contacting surfaces.
Note that Eq. (5) is an identity and must be valid even if the slip
is spatially nonuniform over the sliding interface. The total area of
asperities defines the real contact area, which is denoted by Areal.
Areal ≡
∑
i∈S
Ai. (6)
Generally, Areal is much smaller than the apparent con-
tact area (Bowden & Tabor, 2001; Dieterich & Kilgore, 1994;
Pei et al., 2005).
Equation (5) means that the nature of macroscopic friction
force is determined by the rheological properties of asperity, σi.
This involves the atomistic processes that occur at sliding asperi-
ties, and therefore one must pay due attention to the atomistic struc-
ture of sliding asperities. If two protrusions that constitute an asper-
ity retain their crystalline structure, the asperity may be regarded
as a grain boundary. If such asperities are common, friction may
be regarded as grain-boundary sliding from a microscopic point
of view. Although the atomistic structure of a grain boundary and
the nature of grain-boundary sliding may depend on the extent of
lattice misorientation at the interface, it is only true for low-angle
grain boundaries and some special high-angle grain boundaries. In
most cases we could expect that the rheological properties of grain-
boundary sliding is insensitive to the nature of misorientation.
If an asperity looses its original crystalline nature and is re-
garded as amorphous, the rheological properties of a single asperity
may be isotropic as well. Therefore, anisotropy due to the crys-
talline structure of asperities may be negligible especially if we
consider the averaged properties for many asperities.
2.2 Constitutive law for asperity
Irrespective of the atomistic nature of asperity, we assume that
breaking and reconnection of the covalent bonds determine the
shear stress at asperities. Throughout this paper, we assume that
the covalent-bond reconnection is a thermal activation process and
the rate of reconnection is described by the Arrhenius law. Addi-
tionally, we assume that the local shear rate at asperity is propor-
tional to the bond-reconnection rate. The proportional coefficient is
denoted by γ0, which is regarded as the average strain needed for
bond reconnection. Then we can write the following relation be-
tween the shear rate γ˙ and the amplitude of interatomic force fα
acting on a single covalent bond α.
γ˙ = 2ωDγ0 exp
(
− ǫα
kBT
)
sinh
(
fαl
kBT
)
, (7)
where ωD is the attempt frequency, kB the Boltzmann constant, T
the temperature, l a length constant, ǫα the activation energy for
the reconnection process of covalent bond α. Note that the acti-
vation energy may depend on α due to the elastic interaction be-
tween bond α and the neighboring sites (Liu & Szlufarska, 2012).
Throughout this paper, we assume that fαl ≥ kBT . Then Eq. (7)
is approximated as
γ˙ = γ0ωD exp
(
fαl − ǫα
kBT
)
. (8)
The idea that friction may be a thermal activation process has
been pointed out by (Chester & Higgs, 1992; Chester, 1994) and
(Heslot et al., 1994).
Next we consider an asperity sliding at the velocity of V . Us-
ing the shear-zone thickness at asperities, d, the shear rate γ˙ is writ-
ten as V/d. Then from Eq. (8) one can immediately obtain
fα =
ǫα
l
+
kBT
l
log
(
V
V0
)
, (9)
V0 ≡ γ0ωDd. (10)
The shear stress at asperity i reads
σi =
∑
unit
fα ≃ nif¯ , (11)
where the summation is taken over the covalent bonds per unit area
of asperity i, ni the areal density of the covalent bonds, and f¯ the
average force on a single covalent bond. One gets from Eq. (9)
f¯ ≡ E
l
+
kBT
l
log
(
V
V0
)
, (12)
where E is the average of ǫα.
Equation (12) contains several atomistic parameters, but we do
not discuss the quantitative details for specific materials and limit
ourselves to an order-of-magnitude estimate.
(i) It follows from the definition of thermal activation that E ≫
kBT . Otherwise covalent-bond reconnection should not be re-
garded as a thermal activation process and therefore Eq. (7) does
not apply.
(ii) The length constant l may be on the order of the interatomic
distance because the energy scale f¯ l is interpreted as the work done
in a bond-reconnection event.
(iii) The attempt frequency of bond reconnection, ωD, may be
the Debye frequency.
(iv) We assume that the shear-zone of asperities is atomistically
thin: d ≃ l. Then the velocity constant ωDd may be interpreted as
the sound velocity.
(v) Average strain needed for a bond-reconnection event, γ0, is
set to be 10−2. Then it follows from Eq. (10) that V0 is 1 % of the
sound velocity.
(vi) Because V0 is much larger than typical slip velocities, the
second term on the right hand side of Eq. (12) is negative and there-
fore E > f¯l.
(vii) Because E ≫ kBT , we have the following inequalities for
the parameters.
kBT ≤ f¯ l < E. (13)
2.3 Aging of asperity
The essential ingredient of friction is aging: This is responsible
not only for time-dependent increase of static friction but also for
the negative velocity dependence of dynamic friction. The cur-
rent popular belief on the microscopic physical process behind
frictional aging is the time-dependent increase of the real contact
area, which has been directly observed using transparent materials
(Dieterich & Kilgore, 1994; Dieterich & Kilgore, 1996). This may
be modeled by introducing the time dependence in Ai. However,
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an experiment on nanoscale contact reveals that frictional aging can
occur even if the real contact area is constant (Li et al., 2011). This
may be attributed to the increase of covalent bond density at the in-
terface as demonstrated by simulations (Liu & Szlufarska, 2012).
This may be modeled by introducing the time dependence in ni.
One could also consider the case in which both processes occur at
the same time: the bond density and the real contact area increase
with time. In any case, however, one can model the frictional aging
in a unified manner using the total number of the covalent bonds at
asperity i, which is denoted by Zi.
Zi ≡ niAi. (14)
We then adopt the following time dependence in Zi.
Zi(θi) = Zi(0)
[
1 + c log
(
1 +
θi
τ
)]
, (15)
where θi is the the duration of contact of asperity i, τ the charac-
teristic time for healing, and c the nondimensional coefficient. Note
that Eq. (15) may be valid irrespective of the physical processes for
aging.
The parameters c and τ in Eq. (15) play a central role in the
RSF law through frictional aging: The characteristic time τ limits
the aging for shorter time scale, and the nondimensional constant
c determines the extent of aging. The experiment on amorphous
silica using an atomic force microscope shows that τ is approxi-
mately 0.1 s (Li et al., 2011). A phenomenological constant c has
been measured by two independent methods: the waiting-time de-
pendence of static friction and direct observation of the real contact
area. While the former method gives c ∼ 0.01 (Baumberger, 1997;
Baumberger & Berthoud, 1999), it could be somewhat problematic
because the static friction may depend on the spatiotemporal dy-
namics of the slip initiation (Ben-David & Fineberg, 2011). There-
fore, static friction itself may be scale- and geometry-dependent.
Actually, an experiment on a single nano-asperity using an atomic
force microscope shows c ∼ 1. However, because the latter method
also gave c ∼ 0.01 (Dieterich & Kilgore, 1996), the actual value
for c may not be so decisive.
Although the parameters c and τ in Eq. (15) themselves should
be expressed using the material constants, for this purpose one
must identify the atomistic mechanism of aging. For instance, in
the case of plastic creep of asperity under uniaxial compression,
(Brechet & Estrin, 1994) obtains
Ai(θi) = Ai(0)
[
1 + c log
(
1 +
θi
τ
)]
, (16)
c =
kBT
PΩ′
, (17)
τ = f−1D
kBT
PΩ′
exp
(
E′ − PΩ′
kBT
)
, (18)
where P is the normal stress at the asperities, fD the Debye fre-
quency, and E′ and Ω′ the activation energy and the activation vol-
ume for plastic creep, respectively. The activation energy E′ is not
necessarily the same as that for covalent bond reconnection because
the atomistic mechanisms may be different in general. The normal
stress P may be the yield stress under uniaxial compression. Pro-
vided that P = 8 GPa and Ω′ = 4 × 10−29 m3, one can esti-
mate that the constant c is approximately 10−2. On the other hand,
quantitative estimate of τ is not straightforward. This is partially
because τ is very sensitive to the estimate of activation energy E′
as is apparent in Eq. (18).
3 DERIVATION OF RSF LAW
In this section we consider macroscopic interfaces that possess a
large number of asperities. In general, the friction of such macro-
scopic interfaces may not be uniform; namely, the slip velocity can
be spatially inhomogeneous. Even in such cases, however, we may
expect that there is a mesoscopic length scale in which the slip ve-
locity may be approximated as uniform. We focus on such a meso-
scopic region and write
F = f¯
∑
i∈S
niAi = f¯
∑
i∈S
Zi, (19)
where we use Eqs. (5), (11), and (12). Note that the summation here
is taken for a region where the slip velocity is regarded as uniform.
From Eq. (19) we derive the RSF law based on the microscopic
properties discussed in the previous section.
Because the RSF law is cast as the difference from a reference
state of (V∗, θ∗), the derivation must also involve a reference state.
We take the steady state at slip velocity of V∗ as the reference state
and write f¯ and Zi in the form of deviation from the steady state:
f¯ = f¯(V∗) + ∆f¯ and Zi = Zssi (V∗) + ∆Zi. Here the superscript
”ss” indicates the steady-state value. We expect that the relaxation
time for f¯ is negligible and therefore f¯ always takes the steady-
state value described by Eq. (12). Then the macroscopic friction
force is described as
F ≃ F∗ +∆f¯
∑
i∈S
Zssi (V∗) + f¯(V∗)
∑
i∈S
∆Zi, (20)
where F∗ = f¯ ss(V∗)
∑
i
Zssi (V∗). Note that the second order term
is neglected; and for this purpose a reference velocity V∗ must be
a typical value used in experiments. This condition is important in
the interpretation of the parameters.
Then we calculate each term in Eq. (20). Obviously, using Eq.
(12),
∆f¯ = f¯(V )− f¯(V∗) = kBT
l
log
(
V
V∗
)
. (21)
From Eq. (15) one can compute
∑
i∈S
Zi(θi) =
[∑
i∈S
Zi(0)
]{
1 + c log
[∏
i∈S
(
1 +
θi
τ
)ξi]}
, (22)
where
ξi ≡ Zi(0)∑
i
Zi(0)
. (23)
Noting that
∑
ξi = 1, one can further rewrite Eq. (22) as
∑
i∈S
Zi(θi) =
[∑
i∈S
Zi(0)
](
1 + c log
θ
τ
)
, (24)
where
θ ≡
∏
i∈S
(θi + τ )
ξi . (25)
Similarly, one can calculate
∑
Zssi (V∗). In a steady-sliding
state, the contact duration of an asperity may be written as
θssi (V∗) ≃ LiV∗ , (26)
where Li is a linear dimension of asperity i along the slip direction.
Inserting Eq. (26) into Eq. (22) and following the same manner as
one obtains Eq. (24), one is led to the total bond number for the
steady state at slip velocity of V∗.
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∑
i∈S
Zssi (V∗) =
[∑
i∈S
Zi(0)
](
1 + c log
L
V∗τ
)
, (27)
where
L ≡
∏
i∈S
(Li + V∗τ )
ξi . (28)
Subtracting Eqs. (27) from (24), one obtains
∑
i∈S
∆Zi ≃ c
[∑
i∈S
Zi(0)
]
log
V∗θ
L
. (29)
Note that the asperity sets S in Eqs. (24) and (27) are not strictly the
same because the detailed configuration of asperities may change
due to sliding. For simplicity, however, we neglect the difference in
the asperity sets in obtaining Eq. (29).
Then, to derive the RSF law, one just needs to insert Eqs. (12),
(21), (27) and (29) into Eq. (20), and divide it by the normal load
N .
µ ≃ µ∗ + a log V
V∗
+ b log
V∗θ
L
, (30)
where
a =
kBT
Nl
[∑
i∈S
Zi(0)
](
1 + c log
L
V∗τ
)
, (31)
b = c
kBT
Nl
[∑
i∈S
Zi(0)
](
E
kBT
+ log
V∗
V0
)
. (32)
Equation (30) is equivalent to Eq. (1), but now we have microscopic
expressions for the parameters: Eqs. (25), (28), (31), and (32).
Note that Eqs. (25) and (28) give microscopic expressions for
the state variable θ and the length constant L, respectively. From
these equations together with Eq. (26), one immediately retains the
state variable at a steady state.
θss = V
−1
∏
i∈S
(Li + V τ )
ξi =
L
V
. (33)
By inserting Eq. (33) into (30), one retains the steady-state RSF
law, Eq. (4).
4 THEORETICAL EXPRESSIONS FOR PARAMETERS
In deriving the RSF law, we obtain the microscopic expressions for
the state variable θ as Eq. (25) and the length constant L as Eq.
(28). The nondimensional parameters a and b are given by Eqs.
(31) and (32). In this section, some variations of these expressions
are presented together with their physical meaning.
4.1 Nondimensional parameters a and b
One can get simpler expressions for a and b with a further assump-
tion that ni(0) = n0: The areal density of covalent bonds depends
only on the contact duration θi. With this assumption, one has
Zi(0) ≃ n0Ai(0), (34)
where we use Eq. (14). Then Eqs. (31) and (32) become
a =
kBT
PΩ
(
1 + c log
L
V∗τ
)
, (35)
b =
cE
PΩ
(
1 +
kBT
E
log
V∗
V0
)
. (36)
[ht]
Table 1. Numerical values for constants used for the estimation of the RSF
parameters. Note that c must be multiplied by log 10 if one adopts the com-
mon logarithm.
c (aging constant) 0.01
L (length constant) 10−6 m
τ (time constant for aging) 0.1 s
V0 (velocity constant) 30 m/s
V∗ (reference slip velocity) 10−6 m/s
where
P ≡ N∑
i
Ai(0)
, (37)
Ω ≡ l
n0
. (38)
Here P is interpreted as the average normal stress at asperities,
which is approximately the indentation strength of a material. We
refer to it as the real normal stress. The latter, Ω, has the dimension
of volume, and we refer to it as the activation volume.
One can get even simpler expression for b. Noting that V∗
must be a typical slip velocity used in experiments, one can esti-
mate from Eq. (12) that
V∗ ∼ V0 exp
(
f¯ l − E
kBT
)
. (39)
Inserting the above equation to Eq. (32) and noting that µ =
F/N = f¯
∑
i
Zi/N , one obtains
b ≃ cµ∗, (40)
where µ∗ is the steady-state friction coefficient at slip velocity of
V∗. This ensures that b ∼ c because µ∗ ∼ 0.7 for typical rocks and
minerals.
As apparent in Eqs. (35) and (36), the parameters a and b could
depend on a reference velocity V∗. Then they would not be objec-
tive because V∗ may be chosen arbitrarily within a range of slip
velocities used in experiment. But we can show that their depen-
dence on V∗ may be negligible.
First, one has to recall that V∗ must be a typical experimen-
tal value for Eq. (20) to be valid. Noting that L is on the or-
der of micrometers, L/V∗ may be on the order of 10−3 to 103
seconds. The characteristic time for frictional aging, τ , is esti-
mated as approximately 0.1 seconds (Li et al., 2011). For conve-
nience, the values used here are tabulated in Table I. Note that,
however, some of the estimates are crude and lack the experimen-
tal validation. For instance, we assume c ∼ 0.01 based on the
literature of rock friction experiments (Dieterich & Kilgore, 1994;
Baumberger & Berthoud, 1999), whereas it could be on the order
of 1 for an nanoasperity realized in an atomic force microscopy
(Li et al., 2011). However, if we adopted c ∼ 1, the RSF law would
hardly hold as we show below. Additionally, there is orders-of-
magnitude uncertainty in the velocity constant V0, but this may not
cause a serious problem because V0 appears only in the form of
logarithm.
Because c is approximately 0.01 and log(L/V∗τ ) is on the
order of 1, the second term in the bracket on the right hand side of
Eq. (35) is negligible. Thus, one gets
a ≃ kBT
PΩ
, (41)
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which is consistent with the previous stud-
ies (Baumberger & Berthoud, 1999; Nakatani, 2001;
Rice et al., 2001). If c were on the order of 1, the second
term on the right hand side of Eq. (35) could not be negligible and
parameter a would depend on an arbitrary reference velocity V∗.
In this respect, c must be much smaller than 1.
On the other hand, parameter b is not so straightforward. The
second term in the bracket on the right hand side of Eq. (36) would
be negligible if E/kBT ≥ 170, whereas log(V∗/V0) ≃ −17. If
so, Eq. (36) becomes
b ≃ c E
PΩ
, (42)
as is already given by (Bar-Sinai et al., 2014). However, such a
large activation energy is not plausible: In some previous stud-
ies, the activation energy E has been estimated as 180 kJ/mol
(Nakatani, 2001; Rice et al., 2001), which gives E/kBT = 70
even at T = 300 K. Therefore, the log(V∗/V0) term in Eq. (36)
itself may not be negligible. This means that b cannot be expressed
in terms of material constants only.
In a practical respect, however, this does not cause a serious
problem because the change of one decade in V∗ yields only 10
% change in b. Such a small change could be detected in a precise
measurement, but so far we are unaware of such experiments. To
show this, let us write b as b(V∗) to show the velocity dependence
explicitly and define ∆b ≡ b(V ′∗) − b(V∗). This is the relative
change of b, which is written as
∆b
b
=
log
V ′
∗
V∗
E
kBT
+ log V∗
V0
. (43)
Inserting the values shown in Table I and E/kBT = 70 into the
above equation, one can confirm that ∆b/b is less than 0.1 for
V ′∗/V∗ = 10. Note that, however, the reference-state dependence
of b is more significant at higher temperatures. For instance, at
T = 600 K (and E/kBT = 35), one-decade change in V∗ leads
to 25 % change in b. This may lead to more complex frictional
properties than the standard RSF.
4.2 Steady states
From Eqs. (35) and (36), one obtains
a− b = kBT
PΩ
(
1− cE
kBT
+ c log
LV0
V 2∗ τ
)
, (44)
which is equivalent to ∂µss/∂(log V )|V=V∗ . If the third term on
the right hand side of Eq. (44) was negligible, a− b would be inde-
pendent of the slip velocity V∗. Using the values in table I, however,
one can confirm that log(LV0/V 2∗ τ ) ∼ 20 and therefore it is rather
comparable with E/kBT ≃ 70. On the other hand, the deviation
from the logarithmic dependence on the slip velocity is not signif-
icant. One can confirm this by differentiating Eq. (44) with respect
to log V :
∂(a− b)
∂ log V
= −2ckBT
PΩ
. (45)
Because c ≪ 1 and kBT ≪ PΩ as discussed in section 7.2, i.e.,
Eq. (79), the right hand side may be negligible .
The condition for velocity strengthening, namely, a − b > 0,
reads
E
kBT
<
1
c
+ log
LV0
V 2∗ τ
. (46)
From this equation one can see that the velocity strengthening is
more common at higher temperatures.
4.3 Constant c
In the above discussions, the constant c is assumed to be on the
order of 0.01. If we assume c ∼ 1 as found for a nanoasperity
(Li et al., 2011), the RSF law may not be valid for the following
reasons: (i) The parameter a would depend on the reference veloc-
ity V∗ and cannot be regarded as a constant. (ii) From Eq. (40),
the constant b would be on the order of 1, which is too large to
be comparable with any experiments. Therefore, the assumption of
c ≃ 0.01 may be reasonable.
4.4 Weight coefficient ξ
The assumption of Eq. (34) leads to an alternative expression of the
weight coefficient ξi.
ξi =
Ai(0)∑
i
Ai(0)
, (47)
which means that the weight coefficient is simply proportional to
the area of asperity. Because this is more intuitive than the other
definition using the covalent bond density, Eq. (23), hereafter we
use Eq. (47) for the weight coefficient.
4.5 State variable and length constant
If the slip velocity is sufficiently low that Li ≫ V∗τ and θi ≫ τ ,
Eqs. (25) and (28) become
θ ≃
∏
i∈S
θξii , (48)
and
L ≃
∏
i∈S
Lξii . (49)
Because the condition θi ≫ τ means that frictional healing is rele-
vant, one can expect this condition applies as long as the RSF law
is valid. Equations (48) and (49) reveal that the state variable θ and
the length constant L are 0th weighted power mean of their micro-
scopic counterparts, θi and Li. The weight ξi is given by Eq. (23),
or by Eq. (47) on the condition of Eq. (34).
Mathematically, a 0th weighted power mean is smaller than or
equal to a weighted mean (Hardy et al., 1988).
θ ≃
∏
i∈S
θξii ≤
∑
i∈S
ξiθi, (50)
L ≃
∏
i∈S
Lξii ≤
∑
i∈S
ξiLi, (51)
where an equality holds when and only when all the variables are
equal; i.e., θi = t or Li = L for all i in S . Thus, if the variance of
Li (or θi) is relatively small, the replacement of the 0th weighted
power mean with the arithmetic average may not be a bad approx-
imation. However, as brittle surfaces may possess fractal topogra-
phy in most experimental situations (Dieterich & Kilgore, 1994),
such an approximation would require due verification. This is dis-
cussed in section 5.
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5 SCALE DEPENDENCE OF LENGTH CONSTANT L
As a microscopic expression for L is obtained as Eqs. (28) or (49),
now we can clarify the scale dependence of L focusing on the sta-
tistical properties of the 0th weighted power mean. First, taking the
logarithm of Eq. (49), one obtains
logL =
∑
i
ξi logLi. (52)
Namely, the logarithm of L is the weighted mean of logLi. Recall-
ing that the weight ξi is the normalized asperity area given by Eq.
(47), and that Ai(0) may be proportional to the square of Li, one
obtains
logL ≃
∑
i
ξ˜i logLi, (53)
ξ˜i ≡ L
2
i∑
j
L2j
. (54)
Using the distribution function of asperity size ρ(l), Eq. (53) can
be rewritten as
logL ≃
∫ Lmax
Lmin
dlρ(l)l2 log l∫ Lmax
Lmin
dlρ(l)l2
. (55)
If the distribution function of asperity size is power law, one
inserts ρ(l) ∝ l−α into Eq. (55) and obtains
logL =


L3−αmax logLmax − L3−αmin logLmin
L3−αmax − L3−αmin
− 1
3− α (α 6= 3),
logLmax + logLmax
2
(α = 3).
(56)
Assuming that Lmax ≫ Lmin, the above equations lead to
L ∼
{
Lmin (α > 3),√
LminLmax (α = 3),
Lmax (α < 3).
(57)
Obviously, α = 3 is the critical value for the length constant L.
If the exponent is larger than 3, L remains the microscopic length
scale, Lmin. The behavior of L given by Eq. (56) is shown in Fig.
5 as a function of α.
In comparison, we also compute the arithmetic mean and the
weighted mean, which are denoted by 〈L〉a and 〈L〉w , respectively.
〈L〉a ≡
∑
i
Li∑
j
1
=
∫ Lmax
Lmin
dlρ(l)l, (58)
〈L〉w ≡
∑
i
ξiLi =
∫ Lmax
Lmin
dlρ(l)l3∫ Lmax
Lmin
dlρ(l)l2
, (59)
where ξi is given by Eq. (47). These quantities are shown in Fig.
5 for a power law distribution ρ(l) ∝ l−α. Obviously, the arith-
metic mean exhibits the significant deviation from the 0th weighted
power mean. If we were to adopt as L the arithmetic mean of the
asperity size, we would underestimate L to a considerable amount
for most cases; 0.5 < α < 4. On the other hand, the weighted
mean given by Eq. (59) may be a good approximation of the 0th
weighted power mean except for 2.5 < α < 4.
Meanwhile, in experiments, one may also consider arbitrary
distribution for asperity size. For instance, we may consider bidis-
perse asperities: large asperities with a dimension of L1 and small
asperities with a dimension of L2. If the population ratio is w :
(1−w), wc = (L2/L1)2 is the critical ratio for the length constant
<L>w
<L>a
L
Figure 1. The 0th weighted power mean L (the red solid line), the arith-
metic mean 〈L〉a (the green dashed line), and the weighted mean 〈L〉w
(the blue dotted line) of the asperity size. The size distribution is assumed
to be a power law; the exponent is −α, Lmin = 10−6, and Lmax = 1
(arbitrary units), respectively. The two horizontal lines indicate Lmin and
Lmax, respectively.
L: L ≃ L1 for w ≫ wc, L ≃ L2 for w ≪ wc, and L =
√
L1L2
for w = wc. Although such surfaces sould rather artificial, they
might be more feasible in experiments to verify Eq. (49) than the
systematic control of α for fractal surfaces.
6 DERIVATION OF EVOLUTION LAWS
Evolution laws for the state variable have been investigated in a
purely empirical manner because the microscopic definition of the
state variable has not been known. But we are now set out to derive
evolution laws starting from the microscopic definition for the state
variable defined by Eq. (25).
6.1 Statistical properties
As the state variable θ is defined in terms of the 0th weighted power
mean, Eq. (25), the above discussions for the length constant L may
also apply to the state variable if the distribution function of θi is
known. For steady states, one may presume that the distribution
function of θi is proportional to that of asperity-size distribution as
θi = Li/V . Following the same line of discussion in the previous
subsection, one can conclude that the 0th weighted power mean is
well approximated by the weighted mean if 2.5 < α < 4.
6.2 General aspects
Noting that the set of asperities is time-dependent due to sliding,
we can write ∆θ ≡ θ(t+∆t)− θ(t) as
∆θ =
∏
S(t+∆t)
(θi +∆t)
ξi −
∏
S(t)
θξii . (60)
Next we define S+ = S(t+∆t)\S(t), which is the set of asperities
that appear in the time window [t, t+∆t]. In a similar manner, we
also define S− = S(t) \ S(t+∆t), which is the set of asperities
that disappear in [t, t+∆t]. These sets are illustrated in Fig. 6.2.
For simplicity, we assume that
∑
S−
Ai(0) =
∑
S+
Ai(0)
so that
∑
S
Ai(0) is time-independent. We further assume that
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S(t) S(t+∆t)
S S
+ -
Figure 2. The Venn diagram of asperity sets: Each circle represents S(t)
(left) and S(t+∆t) (right), respectively.
∑
S−
Ai(0) is proportional to
∑
S
Ai(0) and to V∆t/L, where
L/V is interpreted as the average lifetime of asperities. These as-
sumptions are eventually expressed as∑
S−
Ai(0) =
∑
S+
Ai(0) ≃ V∆t
L
∑
S
Ai(0). (61)
We then define a new weight coefficient νi that is normalized
in S+ and S−, since ξi is no longer normalized in these new sets.
Using the assumptions made by Eq. (61), Eq. (47) leads to
ξi =
V∆t
L
νi (62)
νi =
Ai(0)∑
S+
Ai(0)
=
Ai(0)∑
S−
Ai(0)
. (63)
Obviously,
∑
S+
νi =
∑
S−
νi = 1.
6.3 Aging Law
Then the aging law, Eq. (2), is obtained if the state variable θ can
be approximated by the weighted mean of θi.
θ =
∏
S(t)
θξii ≃
∑
S(t)
ξiθi. (64)
The validity of this approximation is discussed quantitatively in
section 6.1. Inserting Eqs. (62) and (64) into Eq. (60), after a few
lines of algebra one obtains
∆θ(t) =
∑
S
ξi∆t+
V∆t
L
(∑
S+
νiθi −
∑
S−
νiθi
)
. (65)
It is important to note here that the contact duration of asperity θi
is generally much longer in S− than in S+, as the asperities in S+
are ”newborns” by definition. This means that the second term on
the right hand side of Eq. (65) does not vanish. As the asperities in
S+ have just appeared in the time window [t, t+∆t], their contact
duration must be smaller than ∆t. Here we assume that
θi ≃ ∆t. (for i ∈ S+) (66)
In addition, if the state of S− may be approximated by that of S ,∑
S−
νiθi ≃
∑
S
ξiθi = θ, (67)
Inserting Eqs. (66) and (67) into Eq. (65), one obtains the aging
evolution law.
6.4 Slip Law
The derivation of the slip law is not as straightforward as the aging
law. This is because the slip law does not explicitly incorporate
the aging effect: As apparent in Eq. (3), the state variable θ can
change only if V 6= 0. This contradicts the assumption that an
asperity is strengthened with time. Therefore, one must change the
interpretation of θi in the logarithmic dependence of Eq. (15).
Here we reinterpret θi as Li/V (ti), where ti is the time of the
creation of asperity i. In other words, the strength of asperity i is
determined by the slip velocity at the instance of creation, V (ti),
and it is time-independent. For instance, slowly-formed asperities
are stronger, and the strength is unchanged during sliding. This may
be verified if the aging occurs only at the very early stage of asperity
formation. At this point we do not have any verification, but admit
this anyway to derive the slip law.
Because θi is time-independent, Eq. (60) can be rewritten as
∆θ =
∏
S(t+∆t)
θξii −
∏
S(t)
θξii . (68)
Using the notation of the asperity sets S+ and S−, one can write∏
S(t+∆t)
θξii −
∏
S(t)
θξii = θ
(∏
S+
θξii∏
S−
θξii
− 1
)
. (69)
Inserting Eqs. (62) and (69) into Eq. (68), one has
∆θ
θ
=
(∏
S+
θνii∏
S−
θνii
)V∆t
L
− 1. (70)
As the microscopic state variable θi is determined by the slip ve-
locity at the instance of the creation of asperity i, θi in S+ is given
by Li/V . On the other hand, θi in S− depends on the history of
the slip velocity. We assume that θi in S− is approximated by θ on
average:
∏
S−
θνii ≃ θ. These two assumptions lead to∏
S+
θνii∏
S−
θνii
≃ L
V θ
. (71)
Inserting Eq. (71) into Eq. (70), one obtains the slip law.
θ˙ ≃ V θ
L
log
L
V θ
. (72)
7 VALUES OF FRICTION COEFFICIENT AND
ATOMISTIC PARAMETERS
7.1 Reference-state free formulation
The RSF law as described by Eq. (1) involves only the minute
change in the friction coefficient with respect to a reference state.
As we shall show below, such a reference state is not essential in-
deed. Within the framework described in section 3, one can con-
struct an alternative form of the RSF law without any reference to
steady states. One can then discuss the absolute value of the friction
coefficient.
Inserting Eqs. (12) and (24) into Eq. (19), one has
F =
(
E
l
+
kBT
l
log
V
V0
)(
1 + c log
θ
τ
)∑
i∈S
Zi(0). (73)
Inserting Eq. (34) into the above equation and divide it by the nor-
mal load N , one obtains an alternative expression for the friction
coefficient that does not have any reference state.
µ(V, θ) =
E
PΩ
(
1 +
kBT
E
log
V
V0
)(
1 + c log
θ
τ
)
, (74)
where we use Eqs. (37), (38), and (41). Importantly, the definition
of the state variable θ here is also given by Eq. (25) and therefore
the time evolution of θ must be common to the conventional case.
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The steady-state behavior of Eq. (74) is obtained by setting
θ = L/V .
µss(V ) =
E
PΩ
(
1 +
kBT
E
log
V
V0
)(
1 + c log
L
V τ
)
. (75)
By differentiating the above equation with respect to log V , one
can retain Eq. (44). As τ is the shortest time scale needed for fric-
tional aging, L/τ is regarded as the upper limit velocity for the
RSF law to be valid. Therefore, µss(L/τ ) approximates a typical
experimental value of friction coefficient.
µss
(
L
τ
)
=
E
PΩ
(
1 +
kBT
E
log
L
V0τ
)
. (76)
The friction law in the form of Eqs. (74) or (75) does not in-
volve any reference state, and the absolute value of the friction co-
efficient is expressed by the material constants, e.g., Eq. (76). This
makes a quite contrast to the conventional RSF law, which does not
state anything about the absolute value of the friction coefficient.
If one further assumes that c ≪ 1 and E/kBT ≥ 200, Eq.
(75) could be approximated as
µss(V ) ≃ E
PΩ
+
kBT
PΩ
log
V
V0
− cE
PΩ
log
V τ
L
. (77)
This is identical to the friction law obtained by Bar-Sinai et al.
(Bar-Sinai et al., 2014), but it should be noted that one must assume
large activation energy to obtain Eq. (77).
7.2 Estimate of activation energy and activation volume
Equation (76) reveals that two nondimensional parameters that
are defined from the three energy constants determine the abso-
lute value of friction coefficient: E/PΩ and E/kBT . The real
normal stress on asperities, P , may be the yield stress of pro-
trusions. One may assume that P ≃ 8 GPa for most minerals
(Bowden & Tabor, 2001). Then, quantitative estimate of the activa-
tion energy E and the activation volume Ω is crucial for the friction
coefficient. The estimate requires an in-depth consideration on the
atomistic processes at asperities. Here we limit ourselves to semi-
quantitative estimate with the aid of some experimental data.
First, noting that the second term in the bracket of Eq. (76) has
only a minor contribution to the friction coefficient, E/PΩ must be
close to 1 for the friction coefficient to be a reasonable value:
E ≃ PΩ. (78)
Then Eqs. (13) and (78) lead to
kBT ≪ PΩ. (79)
Recalling that a ≃ kBT/PΩ, this condition is equivalent to
a ≪ 1, which is consistent with typical values obtained in experi-
ments (Marone, 1998). Equation (78) also means that E/Ω should
be approximately 8 GPa.
One can give a constraint on the activation energy from abso-
lute value of friction coefficient. Figure 7.2 shows the activation-
energy dependence of the friction coefficient as described by Eq.
(76). At T = 300 K, the friction coefficient takes plausible values
(0.6 to 0.8) only if the activation energy ranges from 3.0 × 10−19
to 3.8×10−19 J (180 to 230 kJ/mol). Despite some uncertainties in
P and Ω, one can see that possible values of the activation energy
is actually limited to a very narrow range.
In rock friction experiments, the activation energy has been
estimated as 180 kJ/mol by assuming a relation similar to Eq.
(77) (Rice et al., 2001; Nakatani, 2001). This is consistent with the
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Figure 3. Typical values of friction coefficient given by Eq. (76) are plotted
as functions of the activation energy. The red solid line, the blue dashed
line, and the green dash-dotted line correspond to T = 300, 700, and 1100
[K], respectively. Here we assume that P = 8 GPa and Ω = 5.0× 10−29
m3, whereas the other parameters are chosen from Table I.
above estimate. In another respect, the activation energy may be
approximated by that for grain-boundary diffusion of silicon or
oxygen atoms because the diffusion is realized through the recon-
nection of Si-O bonds in grain boundaries. This activation energy
has been experimentally estimated to be close to the above value
(Farver & Yund, 2000). Taking these observations into account, it
would not be so bold to assume E ≃ 200 kJ/mol. With this es-
timate, E/kBT is larger than 20 for T < 1200 K (below 60 %
the melting temperature), and therefore the assumption of thermal
activation, Eq. (12), is justifiable in a wide range of temperatures.
Adopting E ≃ 200 kJ/mol and P ≃ 8 GPa, it follows from
Eq. (78) that Ω ≃ 4 × 10−29 m3. Note that this value is close to
5×10−29 m3 that was obtained via the temperature dependence of
the parameter a (Nakatani, 2001).
The activation volume Ω may be also estimated independently
by an atomistic consideration as follows. It is defined by Eq. (38)
as the product of the two quantities: the areal density of covalent
bonds n0 and a length constant l. The latter may be the length of a
covalent bond between Si and O and therefore estimated as 1.6A˚.
The former may be approximated by the number of covalent bonds
contained in the atomistically narrow shear-zone that has the unit
area and the thickness of 1.6A˚. This gives n0 ∼ 7 × 1018 m−2,
where the mass density of amorphous silica is assumed to be 2.2
g/cm3. Then we obtain Ω ∼ 2.3 × 10−29m3. Though crude esti-
mation, this is comparable to the above experimental values.
8 CONCLUDING REMARKS
8.1 Summary of parameters
We have derived the RSF law based on the microscopic constitutive
laws for asperities. The essential physical processes at asperities
are covalent-bond reconnection by the shear and time-dependent
increase of the covalent bonds. As a consequence, expressions for
a and b are given in terms of atomistic parameters such as activa-
tion energy and activation volume; and material constants such as
yield stresses and the sound velocity. See Eqs. (35) and (36). We
retain the well-known expression for a as far as the extent of aging
is small: c ≪ 1. The microscopic expression for b is indeed more
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complicated and can depend on the arbitrary reference velocity, al-
though the dependence is insignificant as far as c ≪ 1. Therefore,
c≪ 1 is a vital condition for the RSF law.
As the covalent-bond reconnection is a thermal activation pro-
cess, the activation energy E plays an essential role in the RSF law.
The activation energy must be much larger than kBT not only be-
cause of the definition of thermal activation: This is also required
for the RSF law to be valid. For instance, if E/kBT = 5, param-
eter b could not be constant as apparent from Eq. (36). Here we
estimate the activation energy as 200 kJ/mol. Then E/kBT ≃ 81
at T = 300 K; and it is larger than 20 unless the temperature is
higher than 1200 K.
To derive the RSF law we assume some additional inequali-
ties: Eqs. (13) and (79). As Eq. (11) leads to f¯ l ≃ σiΩ, Eqs. (13)
and (79) can be combined into
kBT < σiΩ < E ≃ PΩ. (80)
8.2 Scale Dependence of the Length Constant L
We also derive the expression for the length constant L and clar-
ify the statistical nature. As L scales the critical nucleation size of
unstable rupture, it is one of the most important quantities in the
literature of earthquake physics. We establish the precise defini-
tion of L in the form of Eq. (28): it is defined as the 0th weighted
power mean of a linear dimension of asperities. The scaling prop-
erties of L is significantly different from the arithmetic mean and
the weighted mean as discussed in section 5. The difference be-
tween the 0th weighted power mean and other means depends on
the statistical nature of the asperity size, and is enhanced if the size
distribution is a power law. If the exponent for the size distribution
is smaller than 3, the length constant L is scaled with the upper
cutoff length. The apparently large critical slip distance observed
in natural faults may be explained in terms of this scaling property,
although the estimate of the exponent may be difficult for natural
faults. Such a topographical study of natural faults would be also a
subject of the future work.
At least, in experiments, one can estimate the exponent α from
a direct observation of asperities. (Dieterich & Kilgore, 1996) re-
ported α ranging from 2.2 to 4.2. (Note the relation α = 2D − 1,
where D is the exponent for the area distribution.) The constant
L may differ significantly within this range and therefore our re-
sult may be tested directly in such an observations together with
the measurement of friction. Such an experimental verification of
the scaling properties of L would be an intriguing problem to be
investigated in the future.
8.3 Evolution Laws
The mathematical expression for the state variable is given here. It
provides a starting point for the systematic derivation of evolution
laws. As a demonstration, we have derived the two evolution laws:
both the aging and the slip laws. Derivation of some other known
evolution laws would be an interesting problem to be investigated.
Furthermore, starting from Eq. (48), one can try to derive a novel
evolution law theoretically. Such attempts will be published else-
where.
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